MTH 166

Lecture-20

Solution of Wave Equation




Topic:
Solution of Partial Differential Equations

L_earning Outcomes:

1. To solve one dimensional Wave Equation

2. D’ Alembert’s solution of infinitely long wave
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—— [1D-Wave Equation]; ¢ is Diffusivity constant.

aZ
Problem. Solve a_t;l = C2

Solution. The given one dimensional wave equation is:

0°u _ .o 0%u

207 = C P (1) 0 < x <l (length),t > 0 (time)
Let solution be: u(x,t) = XT (2) whereX = f(x), T = g(t)
59Uy oand 2= xiT

otz ox2

Equation (1) becomes: XT"' = C2X"'T

As k can take three values: zero, positive or negative, so we have following three cases.



Casel. Whenk =0

>T=ct+d

x! x!!

7:k :)7:0 =>X"=0 =>X=ax+0b
r 7

Also — =k =-—=0 =T"=0

Required solution of equation (1) is:
u(x,t) = XT = (ax + b)(ct + d)
Case 2. When k = p# (Positive)

X_”_ X_”_Z " _ N2y —
X—k == =D =>X" —p*X=0

SE (D*—-p*)X =0
AE.(D*—p*) =0 =D =+p



X = aepx + be—px

Also C—lzTT”=k :C_lzTT"zpz STV — 22T =
S.E.(D?—-C?*p®>)T=0
AE. (D*-C?p*) =0 =D =1Cp
o T = cefPt & de—CPt
Required solution of equation (1) is:
u(x, t) = XT = (aeP* + be~P¥)(ceCPt + de—CPt)
or

u(x,t) = XT = (a coshpx + b sinh px)(c cosh Cpt + d sinh Cpt)



Case 3. When k = —p? (Negative)

X" _ X" 2 o2y
X—k — =D > X +p°X=0
S.FE.(D*+p?)X =0

E.(D?+p?) =0 = D = +ip

>

-~ X = e%(acospx + b sinpx)

iT_”_ iT_”__z I 2,27
Also CZT_k =5 ="D =>T"+C*p“T =0

SF.(D*+C*p*)T =0
A.E. (D? 4+ C%p?) =0 =D =+iCp
~ T = e%(c cos Cpt + d sin Cpt)



Required solution of equation (1) Is:
u(x,t) = XT = (acospx + bsinpx) (c cos Cpt + d sin Cpt)
This is the most suitable and practically feasible solution of wave equation.

Note: For Wave Equation

. . 0%u 2 0%u
Equation: —— = (C*——

Nature: Hyperbolic
Solution: 1. u(x,t) = (ax + b)(ct + d)
2. u(x,t) = (aeP* + be P¥)(ce’Pt + de CP)

or

u(x,t) = (a coshpx + b sinh px)(c cosh Cpt + d sinh Cpt)
3. u(x,t) = XT = (acospx + bsinpx) (c cos Cpt + d sinCpt) (Most suitable one)



D’Alembert's Solution of Infinitely long wave (string)

0%u

- ion be: L% — c22°u
Let given wave equation be: P C ™ (1)

such that —co < x < oo, t > 0
with initial displacement = f(x) and initial velocity = g(x)
Then. D’ Alembert’s solution of equation (1) Is given by:

x+Ct

u(x, t) = %[f(x + Ct) + f(x — Ct)] +%fx - 9(s)ds



Find D’ Alembert’s solution of following:

Probleml. f(x) =sinx,g(x) =a

Solution. f(x + ct) =sin(x +ct), f(x —ct) =sin(x —ct),g(s) = a

D’ Alembert’s solution 1s given by:

x+Ct

u(x,t) == [f(x+Ct)+f(x—Ct) +— f . 9(s)ds

X+Ct

= u(x,t) = % [sin(x + ct) + sin(x — ct)| + f

= u(x,t) =

N | =

|sinxcosct + cosxsinct + sinxcosct — cosxsinct] + 2% lx +ct —x + ct]

= u(x,t) = % |2sinxcosct] + 2% |2ct]

= u(x,t) =sinxcosct + at Answer.



Find D’ Alembert’s solution of following:
Problem2. f(x) =0,g(x) =cosx
Solution. f(x+ct) =0, f(x—ct) =0, g(s)=coss

D’ Alembert’s solution 1s given by:

x+ct

u(x,t) = [f(x+ct) +fx—ct)] + f_ . 9(s)ds

= u(x,t) =%[O+O +— fx+thoss ds

= u(x,t) = 21 [sins]¥*et = - [sin(x + ct) — sin(x — ct)]

1 . . . .
= u(x,t) = P |sinxcosct + cosxsinct — sinxcosct + cosxsinct]

= u(x,t) = -|[cosxsinct] Answer.

AL



This Photo by Unknown Author is licensed under CC BY-NC-ND


https://jojofeelings.wordpress.com/2012/02/01/romantic-songs/
https://creativecommons.org/licenses/by-nc-nd/3.0/

